EXTENSIONS OF CALABI'S CORRESPONDENCE BETWEEN 
MINIMAL SURFACES AND MAXIMAL SURFACES 
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Abstract. In 1970, Calabi introduced the duality between minimal graphs 
in EucUdean space and maximal graphs in Lorentz space L'^. The main goal 
of this survey is to illustrate geometric applications of the Poincare Lemma 
to constant mean curvature equations. We construct two extensions of Cal- 
abi's correspondence. This work implements Shiftman's 1956 proposal. We 
discover the first twin correspondence between CMC H graphs in ¥?{k,t) 
with base curvature k and bundle curvature r and spacelike CMC r graphs 
in L^(k, i7) with base curvature k and bundle curvature H. For instance, 
the twin correspondence induces the duality between CMC H graphs in Rie- 
mannian Heisenberg group Nil'^(r) = (0, r) and spacelike CMC r graphs 
in Lorentzian Heisenberg group Nilf(ff) = {0,H). We employ Chern's 
Theorem and the twin correspondence to establish that there exists no entire 
spacelike graph of zero mean curvature in Lorentzian Heisenberg group with 
non-zero bundle curvature. We discover the second twin correspondence be- 
tween two dimensional minimal graphs having positive area angle functions 
in Euclidean space M'^^^ and two dimensional maximal graphs having the 
same positive area angle functions in pseudo-Euclidean space M^"*"^ with sig- 
nature (+, +,—,••• , — ). The twin correspondence induces a duality for spe- 
cial Lagrangian graphs in and M2 with prescribed Lagrangian angles. 
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0. Shiftman program 

0.1. Introduction. The Poincare Lemma addresses the question: when is a 
function equal to the derivative of another function, at least locally? [52] 

Theorem 0.1 (Poincare's Lemma). Let ft c M."^ be a simply connected domain. 
When two-variables vector field T{x,y) = {J^i,J^2) : — > passes the curl 
test = the vector field T admits a potential function : — ^ M of class 
satisfying the equality T = V0 and it becomes a gradient map. 

The main aim of this survey based on author's work [39, 40, 41, 42, 43] 
is to illustrate geometric applications of Poincare's Lemma to constant mean 
curvature equations. It implements Shiftman's 1956 proposal (section 0.3.3). 
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0.2. Cauchy-Riemann equations. We begin with two-variables harmonic func- 
tions. Applying Poincare's Lemma to ( fx )x + { fy )y = the Laplace equa- 
tion, solves the Cauchy-Riemann equations: 

fx = gy and fy = -Qx- 

The potential function g (up to adding a constant) is called the conjugate func- 
tion of /. The Cauchy-Riemann equations implies that g is also harmonic: 
{9x)x + {9y)y = { - fy )x + Ux)y = 0. In this sense, Laplace's equation is 
self-dual. Also, the combined complex-valued function f + ig becomes a holo- 
morphic function. The Cauchy-Riemann equations admit various several- 
variables generalizations [61, 64, 72, 73] including the Hodge equations. 

0.3. Minimal surfaces and maximal surfaces. 

0.3.1. One hundred years of Bernstein problems. Bernstein proved a truly beau- 
tiful theorem that the only entire minimal graphs in Euclidean space M"' are 
planes. Moser [53] showed that for all dimensions n > 3 the entire solu- 
tions of minimal hypersurface equation in M" with bounded gradients have 
to be affine. Ecker and Huisken [16] deduced a curvature estimate theorem 
to improve Moser 's Theorem. Bombieri, De Giorgi and Giusti [6] disproved 
Bernstein's conjecture for entire minimal hypersurfaces in higher dimensions. 
Pino, Kowalczyk, and Wei [62] used the existence of non-trivial entire minimal 
graphs in higher dimensions to construct counterexamples of De Giorgi con- 
jecture for the AUen-Cahn equation. For more updates, we refer to [56, 60, 69]. 

0.3.2. Forty years of Calabi -problems. A maximal surface in Lorentz space 
with signature (+, +, — ) is a spacelike surface with zero mean curvature. Cal- 
abi's Theorem that the only entire maximal graphs in L'^ are spacelike planes 
and its parametric version that the only complete maximal surfaces in are 
spacelike planes admit various approaches [4, 8, 11, 18, 19, 36, 46, 63, 65]. The 
global theory of maximal surfaces with singularities is rich [21, 22, 23, 24, 29, 
30, 54]. Fernandez, Lopez, and Souam [23] proved that complete embedded 
maximal surfaces in with a finite number of singularities are entire max- 
imal graphs with conelike singularities and asymptotic to half catenoids or 
spacelike planes. Conelike singularity corresponds to the point where the 
Gauss curvature blows up [17, 23, 35, 37]. Cheng and Yau [11] extended Cal- 
abi's Theorem for all dimensions n > 3. 
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0.3.3. Shiffman proposal and Calabi correspondence. In 1970, Calabi introduced 
an interesting duality between minimal graphs in and maximal graphs in 
L^. Calabi's correspondence can be viewed as a geometric generaHzation of 
the Cauchy-Riemarm equations. The minimal surface equation in reads 





We apply Poincare's Lemma to the minimal surface equation to obtain the 
potential function g satisfying the integrability condition 



fy fx 



l + /x' + // Jl + fx' + fy^ 



{9x,9y) ■ 



The existence of such potential function g is a classical result, for instance, see 
Nitsche's book [55]. In 1956, Shiffman [68] indicated that the function g obeys 




d 9y 



+ 7^1^^^^^=^)' l-9x'-9y'>^. 



-9x^-9y'^J 9y y^i- _ g^2 ^ 

He proposed that "In addition, it is possible to study systems of partial differen- 
tial equations analogous to the Cauchy-Riemann equations". In 1966, Jenkins and 
Serrin [34] called the potential function g the conjugate function of /. In 1970, 
Calabi [8] stated that the above equation is the maximal surface equation in L'^. 
Conversely, applying Poincare's Lemma to the above maximal surface equa- 
tion in L'^, we can recover the function / such that 



9y 



{fxi fy) 



V\/l -^x^ -9y'^ \/l - gx"^ - 9y'^ / 

This integrability condition implies that the function / satisfies the minimal 
surface equation in R^. The existence of Calabi's correspondence indicates 
that the maximal surface equation naturally appears in the study of the mini- 
mal surface equation, and vice-versa [34, 48, 49, 50, 51]. It turns out that Shift- 
man's program is indeed useful. For instance, to construct a properly embed- 
ded minimal surface in the flat product space x which is quasi-periodic 
(but not periodic), Mazet and Traizet [51] solved a Dirichlet boundary value 
problem on an infinite strip for the maximal surface equation with prescribed 
singularities along a line of the strip to solve to a Jenkins-Serrin type problem 
for the minimal surface equation. 



EXTENSIONS OF CALABI'S CORRESPONDENCE 



5 



Example 0.2 (Helicoids and catenoids). Applying Calabi's correspondence to 
the helicoid z = arctan (|) as a minimal surface in M"^ yields the Lorentz 
catenoid z = sinh"^ ^y^x^ + as a maximal surface in L''. On the other 
hand, Calabi's correspondence transforms the helicoid z = arctan (|) as a 
maximal surface in to the catenoid z = cosh^^ (^\/ x"^ + in M"'. The 

Euclidean catenoid z = \/ cosh^y — in corresponds to the helicoid of the 
second kind in given by z = x tanh y. (Here, we omitted the description of 
the domain of height functions of minimal graphs and maximal graphs.) 

Example 0.3 (Scherk's surfaces). Under Calabi's correspondence, the doubly 
periodic Scherk's minimal surface z = In (^^) transforms to the triply pe- 
riodic maximal surface z = arcsin (sinxsiny). The doubly periodic Scherk's 
minimal surface cos z = cos y also corresponds to the singly periodic max- 
imal surface sinh z = cos y. The singly periodic Scherk's minimal surface 
z = arcsin (sinh X sinh y) corresponds to the maximal surface z = In ^ ^ ^ . 
(Here, we again omitted the description of the domain of height functions.) 

0.3.4. Lopez-Lopez-Souam correspondence. In 2000, Lopez, Lopez, and Souam 
[44] observed that a maximal immersion of a Riemann surface in induced by a 
triple of holomorphic null one forms (0i, 02, —#3) determines a minimal immersion 
of the Riemann surface in induced by the triple of one forms {(f>i,(p2, (t>3)- Araujo 
and Leite [3] revealed the structure of the Lopez-Lopez-Souam correspon- 
dence. Under this duality, a doubly-periodic Scherk's minimal surface in 
determines a two-parameter family of non-congruent maximal surfaces in L'^. 

0.3.5. Two correspondences are the same. It is then natural to ask whether or not 
two dualities between minimal surfaces in M.^ and maximal surfaces in 
are essentially identical. In [40], we proved that the Calabi correspondence 
becomes the Lopez-Lopez-Souam correspondence. 

0.4. Albujer-Alias correspondence. In 2008, Albujer and Alias [2] proved 
that Calabi's duality admit natural extensions to zero mean curvature surfaces 
in product spaces. Let TW^ endowed with metric da'^ denote two dimensional 
space form with curvature k. They constructed the duality between graphs 
with zero mean curvature in Riemannian product space Al^ x M endowed 
with the metric da^ + dz"^ and spacelike graphs with zero mean curvature in 
Lorentzian product space x l^i equipped with the metric da"^ — dz^. 
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1. Twin correspondence I 

1.1. Introduction. We generalize Calabi's correspondence to constant mean 
curvature graphs in Riemannian and Lorentzian Bianchi-Cartan-Vranceanu 
spaces. When the target equation is the minimal surface equation, which is 
zero divergence form, we are able to directly apply Poincare's Lemma to the 
minimal surface equation to associate its potential function. The main point 
of our generalized Calabi correspondence is the fact that the argument us- 
ing Poincare's Lemma can be extended to non-zero constant mean curvature 
equation, which is evidently non-zero divergence form. The key idea is to 
exploit our base curvature lemma (Lemma 1.4) to transform non-zero con- 
stant mean curvature equation into zero divergence equation. Then applying 
Poincare's Lemma to constant mean curvature equation yields: 

Theorem 1.1 (Twin correspondence I [40]). We have the twin correspondence (up 
to vertical translations) between graphs of constant mean curvature H in Riemannian 
Bianchi-Cartan-Vranceanu space E^{k,t) and spacelike graphs of constant mean 
curvature r in Lorentzian Bianchi-Cartan-Vranceanu space L^(k, H). 

Our twin correspondence in Theorem 1.1 shows us a mysterious reciprocity 
of two looks-unrelated curvatures: mean curvature of surfaces and bundle cur- 
vature of spaces. The key idea of the proof of Theorem 1.1 is to exploit a geo- 
metric observation on base curvature of spaces. 

Example 1.2. When both the bundle curvature and the mean curvature van- 
ish, the twin correspondence reduces to the Albujer-Alias duality [2] between 
minimal graphs in Riemannian product space x M = E^(/t, 0) and maxi- 
mal graphs in Lorentzian product space M.^ X Ml = L3(k, 0). When the base 
curvature vanishes, the twin correspondence induces the duality between 
graphs of constant mean curvature i7 7^ in Riemannian Heisenberg group 
Nil^(T) = (0, r) and spacelike graphs of constant mean curvature r 7^ in 
Lorentzian Heisenberg group Nilf (//) = (0, H). 

Remark 1.3. In recent years there is a high activity on the study of surfaces 
with constant mean curvature in Bianchi-Cartan-Vranceanu space E^(k, r). 
In 2009, Daniel, Hauswirth, and Mira wrote a neat lecture note [15] contain- 
ing recent breakthroughs. We also recommend the survey [27] presented by 
Fernandez and Mira at ICM 2010. 
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1.2. Bianchi-Cartan-Vranceanu spaces. Our ambient spaces are Riemanniari 
and Lorentzian Bianchi-Cartan-Vranceanu spaces. The Riemannian Bianchi- 
Cartan-Vranceanu space (k, t) with base curvature k and bundle curvature 
T is 



[l + ^(x2+y2 



+ 



ydx — xdy 



-\ 2^ 



+ dz 



where V = {{x,y,z) G | 6^,{x,y) > 0} and^^lx,?/) = 1 + f (x^ + y^) . Up 
to homothetical normalizations, the Riemannian Bianchi-Cartan-Vranceanu 
spaces isometric to the following homogeneous manifolds [13, 15, 27]: 



r = 
r / 



K<0 K = K>0 



$3 
BERGER 



PST^M] Nil^ 

The notion of graphs over Ai^ = E'^(k, t) n {z = 0} is natural. Indeed our am- 
bient space K^{k, t) admits a Riemannian fibration over the base space form 

1 

via the standard projection (x, y, z) i-^ (x, y). We also introduce the Lorentzian 
Bianchi-Cartan-Vranceanu space 



{(x, y)£R^\ 6^{x, y) > 0}, ^ {dx^ + dy^) 



L3(K;,r) 



V, 



dx"^ + dy^ 



[1 + 1(^2+^2)]- 



ydx — xdy 
1 + f (x2 + y2) 



where V = {(x,y,z) G | Sf,{x,y) > 0} and ^^(x,^) = 1 + | (x^ + y^ 

1.3. Base curvature lemma. The key idea to prove the twin correspondence 
in Bianchi-Cartan-Vranceanu spaces is to exploit the following lemma. 

Lemma 1.4 (Base curvature lemma [40]). Let k eRbe a constant. The quadratic 
function 6 = 6,i{x,y) = 1 + j (x^ + satisfies the algebraic identity 



2 



d /X 
dx\6 



+ 



d (y 



dy \6 



Proof. It is trivial. 



□ 



Remark 1.5. In the proof of Theorem 1.1, we shall employ the base curva- 
ture lemma to transform the non-zero constant mean curvature equations in 
Bianchi-Cartan-Vranceanu spaces to zero divergence type equations. 
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Remark 1.6. When k / 0, the identity in Lemma 1.4 admits a geometric moti- 
vation. Let's consider the conformal metric in the xy-plane 



where 6 = 5k{x, y) 
Gauss formula 



52 

l + ^Ax' + y^ 



X 



dy^), 



Its induced curvature is k. Hence the 



92 92 



can be re-written as in the form 



d_ 

dx 



6 



+ 



d_ 

dy 



2 



d_ 

dx 



+ 



d_ 

dy 



Canceling out /t / in both terms, we meet the desired identity. This argu- 
ment explains that why Lemma 1.4 is called the base curvature lemma. 

1.4. Proof of twin correspondence I. We first state the constant mean curva- 
ture equations in Bianchi-Cartan-Vranceanu spaces. 

Proposition 1.7. Let the quadruple {K,T,H,e) G x {1, —1} be given. We 
introduce the partial differential equation CMC(K,T,H,e) [f{x, y)]'- 



2H 



d_ 

dx 



+ 



dy 



where (a, (3) 
case when e = 



if. + rl fy - rf ) and a; = ^1 + ^52 (^2 + ^2) 
-1, we need to assume the spacelike condition: 



Here, for the 



+ /3^) > 0. 



(a) The graph z = f{x,y) in E^(k, r) has constant mean curvature H only 
when the height function / satisfies the differential equation CMC(K,r,i/,i)- 

(b) We say that a surface in L^(k, t) is spacelike if its induced puUback metric 
is positive definite or equivalently if it admits timelike pointing normal. The 
spacelike graph z = f{x, y) in L^(k, H) has constant mean curvature r if and 
only if the height function / satisfies the differential equation CMC(k,-//,t,-i)- 

We restate Theorem 1.1 more explicitly: 

Theorem 1.8 (Twin correspondence I - alternative version [40]). Let c A^^ 
he a simply connected domain. 
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(a) We have the twin correspondence (up to adding a constant) between the solution 
f : Q ^Rofthe constant mean curvature equation CMC,-^ i) 



2H 



d 



a 



d 



dx \ ^1 + 52 (a2 + /32) j dy y ^1 + J2 (^2 + ^2) J 

M of the constant 



where {a, /5) = (/^. + T^,fy — r|) and i^ze solution g : (7 
mean curvature equation CMC(K,_i^,r,-i) 



2t _ 

52 9a; 



a 



1 - 52 ( a2 + ^2 



+ 



dy 



( 



\ 



1 - ,52 a2 + ^2 



where [a, j3j = [g^ — H^,gy + Hj). Here we assume that g satisfies the spacelike 
condition I - 5'^ {o? + j3'^^ > 0. 

(h) The twin correspondence is obtained by solving the twin relation: 



a, (3 



(3 a 



or equivalently (a, /3) 



(3 a 



where Lo = ^/l + WioF+W) and Cj = - 5"^ [cfl + P'^j. 
(c) Since two integrability conditions in (b) are equivalent, the twin correspondence 
is involutive. The twin minimal surface T, of the twin surface T,ofa minimal surface 
S is congruent to S up to vertical translations. We say that the graph z = f{x, y) is 
the twin surface of the graph z = g{x, y), and vice-versa. 

Proof. Let / : — )• M be a solution of CMC(K,r,//,i) • The main idea is to employ 
the base curvature lemma (Lemma 1.4 in Section 1.3) 



2 

52 



to rewrite CMC 



2H _ 

in the divergence-zero form 

d /a 
dx \io 



d_ 

dx 



d_ 

dx 



+ 



+ 



d fy 



dy \5 
d //3 



dy \uj 
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We now use Poincare's Lemma to associate a ftmction : — )• M such that 



It thus follows that 
or 





.4 


a 

UJ 















(<.,/3)= ^.^ 



U UJ 



We now combine the definition 



the integrability condition 

— (f)-- 
dx ^^^^ 5y 

and the base curvature lemma 



Uy) - — if.) = 0, 



52 dx\6/ dy \5 



to deduce the equality 

9 / . x\ (9 / y\ 2t 

Then by the twin relation 



this becomes the equality 

9x ) dy \uj j (5^ 

This means that the function g : Vl — }■ M satisfies the CMC^^ „//^ Working 
backwards, we also obtain the other direction, i.e. from CMC(^ _i) to 

Corollary 1.9 ([40]). We have the twin correspondence between the moduli space of 
entire graphs with constant mean curvature H in E'^(k, r) and that of entire spacelike 
graphs with constant mean curvature r in L^(k;, H). 

Proof. Take = Mk in Theorem 1.1 or Theorem 1.8. □ 
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1.5. Twin surfaces in simultaneous conformal coordinates. We can show 
the existence of simultaneous conformal coordinates for the graphs of con- 
stant mean curvature H in E^(k;, r) and its twin graphs of constant mean cur- 
vature r in L'^(k, H). 

Proposition 1.10 ([42]). Let C = C + denote the conformal parameter of the 
graph z = f{x, y) of constant mean curvature H in E^(k, t). Then, C = C + '^V 
also becomes the conformal parameter of its twin graph z = g{x,y) oi constant 
mean curvature r in L'^(k, ff). 

Proof. We write y) = {x,y, f{x,y) and G{x,y) = {x,y, g{x,y)). We con- 
sider a coordinate transformation 4> '■ {x, y) — )■ r]) to obtain the conformal 
parametrization of the graph z = f{x, y) in W?{k, t): 

p = F o 93-1 : ry) ^ (x, y) H> (x, y, /(x, y)) 

Our job is to show that 

G = Goip-'^ : 7?) H> (x, y) H> (x, y, g{x, y)) 

is also a conformal parametrization of the twin graph z = g{x, y) in L^(k, 
Let 

{i, 7]) H> (x, y) = {p ??) , q 7?)) 

denote the inverse coordinate transformation (/)~^ : (^,??) — (x,y). We prepare 
the Riemannian orthonormal frame in E^(k, r) 

El = 5f,dx - rydz, E2 = 6f,dy + rxdz, E3 = dz 

and the Lorentzian orthonormal frame in L,^{k, H) 

Li = 6t,dx- Hydz, L2 = S^^dy + Hxdz, Ls = d^. 

With the complexifed differential operator ^ = ^ (^■§^ ~ ^^)' Chain Rule 
gives 

OF I dp ^ I dq ^ f dp „dq\ ^ 



and 



dG ^ dp -r ^ dq ^ { ^dp ?,dq\ ^ 
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Since F is the isothermal parametrization, we see that ^) vanishes. To 



prove that G becomes the isothermal parametrization, we verify that i^,^) 



also vanishes. Using the twin relation [a, (3 

,dG dG. 



•'■^e deduce 



Indeed, we compute 

idQ dd\ 



j_dp 

1+aV 



+ 



9( 



1 dF OF 

-2\ 



+ 



+ 



dp dq_ 



1 dpV 



J_dq 

<5k dC 



_ 1 /dF d£\ 
This completes the proof of Lemma 1.10. 



□ 



We can read local geometric information of twin surfaces using the simul- 
taneous conformal coordinates. 

Proposition 1.11 ([42]). When the twin correspondence transforms the graph 
S of constant mean curvature H in K^{k, t) to the spacelike graph S* of con- 
stant mean curvature r in L^(k, H), the metric Ij, corresponds to the metric 
Ij,, = u^Ij,, where u denotes the angle function of S induced by the vertical 
Killing vector field dz in E^(k, t). By the twin correspondence, the complexi- 
fied Gauss map corresponds to the complexified Gauss map g^, = ^ 5s ■ 

1.6. Sister surfaces and twin surfaces. Daniel [13, 27] proved a fascinating 
result that Lawson's isometric correspondence for constant mean curvature 
surfaces in three dimensional space forms extends to Riemannian Bianchi- 
Cartan-Vranceanu spaces E^(k;, r). For instance, we have an isometric duality 
between minimal surfaces in Riemannian Heisenberg space Nil^ = Nil'^ (i) = 
(O, ^) and surfaces of constant mean curvature ^ in Riemannian product 
space X M = E^ (— 1, 0). Two such surfaces related by Daniel's correspon- 
dence are called sister surfaces. The following commutative diagram illustrates 
the twin correspondence and Daniel's sister correspondence simultaneously: 
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minimal graphs spacelike CMC r-graphs 



CMC r-graphs maximal graphs 

inE^{K- 4t^,0) inL3(K-4r2,r) 

Remark 1.12. The above commutative diagram induces isometric correspon- 
dences for spacelike graphs of constant mean curvature in Lorentzian Bianchi- 
Cartan-Vranceanu space. 

Remark 1.13 {complete vs. entire). Daniel and Hauswirth [14] showed that a 
minimal surface in Nil^ is an entire graph if and only if its sister surface with 
constant mean curvature ^ in x M is an entire graph. They showed that 
a complete minimal surface in Nil'^ which is transverse to the vertical Killing 
vector field is an entire graph. Under the twin correspondence, an entire graph 
E with constant mean curvature H in E^(k, r) corresponds to an entire space- 
like twin graph S with constant mean curvature r in L^(k, H). By Proposi- 
tion 1.11, the twin correspondence shrinks the induced metric dsg^ < ds^,'^. 
In general, the completeness of entire graphs in Lorentzian Bianchi-Cartan- 
Vranceanu space is not guaranteed. Indeed, Albujer [1] constructed entire 
incomplete graphs with zero mean curvature in Lorentzian product space x 
Ml = L3(-1,0). 

1.7. Calabi-Chern type problem in Lorentzian Heisenberg space. The Rie- 
mannian Heisenberg space Nil'^(r) = (0, r) is M.^ endowed with the metric 

dx"^ + dy'^ + [t {ydx — xdy) + dzf' . 

Fernandez and Mira [26] parameterized the moduli space of entire minimal 
graphs in Nil'^ = E^ (O, ^) using holomorphic quadratic differentials. There 
exist lots of entire minimal graphs in Riemannian Heisenberg space Nil'^ [14, 
26, 27]. We here employ the twin correspondence to show that there exist no 
entire spacelike graphs with zero mean curvature in Lorentzian Heisenberg 
space Nilf (r) = (0, r), which is M'^ equipped with the metric 

dx"^ + dy"^ — [r {ydx — xdy) + dzf' . 
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Remark 1.14. The affine function q{x, y) = fiix + fi2y satisfies the zero mean 
curvature equation in Nil'^ (r). When r 7^ 0, the spacelike condition rules out 
entire solutions: < I — {qx + ry)^ — {qy — rx)^ = 1 — (^1 + ry)^ — (/i2 — tx)^. 

Theorem 1.15 (Calabi-Chern type problem in Lorentzian Heisenberg space 
[42]). There is no entire spacelike graph with zero mean curvature in Nilf (r), r / 0. 

Proof. We assume to the contrary that there exists an entire spacelike graph 
with zero constant mean curvature in Nilf (r) = L'^(0, r). By the twin corre- 
spondence in Corollary 1.9, its twin graph with constant mean curvature r in 
M3 _ ]e3(o,0) is entire. By Chern's Theorem [9] that the only entire graphs 
with constant mean curvature in M'^ are minimal (and so they are planes), the 
mean curvature r of twin graph vanishes, which contradicts for r 7^ 0. □ 

Remark 1.16. In [41], we investigated maximal surfaces in Lorentzian Heisen- 
berg space. We showed that their Gauss maps become harmonic maps into the 
standard sphere S^. We also established Kenmotsu type representation for- 
mula for maximal surfaces. The holomorphicity of Abresch-Rosenberg type 
differential on maximal surfaces is proved. We used the twin correspondence 
to construct explicit examples of maximal graphs. 

1.8. Minimal graphs in Riemannian Heisenberg space. We apply the twin 
correspondence to spacelike surfaces of constant mean curvature r in to 
construct minimal surfaces in Riemannian Heisenberg space Nil^(T). 

Example 1.17 (Helicoidal surfaces in and catenoids in Nil^ (r)). Let A > 0. 
We begin with the helicoidal surface with constant mean curvature r in L'^ 

z = g{x, y) = \ arctan ^— ^ + r/i (^\/ x'^ + . 

Its twin surface z = f{x,y) = Xp ^a/x^ + jg half catenoid in Nil^ (r) 
over yx^ + y^ > A. Two functions h : [A, 00) — M and p : [A, 00) — R satisfy 



d , , , / t2 _ A2 d , , tH^ + 1 

The catenoid in Nil^ (r) admits the following conformal parametrization. 

X{u, 6) = (A cosh {w{u)) cos {6 + tXu) , A cosh {w{u)) sin {9 + tXu) , Xp{w{u))) 
The one-variable function w{u) satisfies the ordinary differential equation 



du 



w (u) = ^ r^A^ cosh^ (^f^l^)) + 1- 
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Example 1.18 (Elliptic Delaunay surfaces in L'^ and helicoids in Nil'^ (r)). We 



consider the Delaunay graph z = g{x,y) = p y + y2 j with constant mean 
curvature r in L'^. The radius function p : [A, oo) — )• M satisfies 

t 




'i-p'{ty 

It is immediate that its first integral is given by, for some /i G M, 

P'jt) =rt-^ 

Its twin minimal graph is the helicoid z = /(x, y) = p arctan (|) in Nil^ (r). 

Example 1.19 (Hyperbolic Delaunay surfaces in L"^ and its twin graphs in 

Nil^(T)). We begin with the Delaunay graph z = g{x, y) = x"^ + p{y)^ with 
constant mean curvature r in L'^. The radius function p : [A, oo) — t- M satisfies 

2r = 




or 



'1 - 

Its first integral is given by the differential equation 

for some A £ M. The twin minimal graph in Nil'^ (r) is 

z = f{x, y) = I , ^ : - ry I X. 

If A = — ^, the corresponding Delaunay surface in is called the Semitrough 
[10, 33], which is a complete constant mean curvature r surface that invariant 
under hyperbolic rotations in L'^. In this case, its twin graph admits an explicit 
conformal parametrization and also constructed by Daniel [12]. However, he 
used the Weierstrass formula of minimal surfaces in Riemannian Heisenberg 
space with the harmonic Gauss map of the Semitrough. 
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Remark 1.20. Lifting up the Gauss map of the Semitrough yields a minimal 
graph z = —arcsinh Its level curves are foliated by the 

equidistant curves in the horizontal slices. 

Example 1.21 (Hyperbolic cylinders in L'^ and translation invariant graphs in 
Nil^ = Nil^ (i) = (0, i)). We begin with the hyperbolic cylinder z2_y2 ^ i 

in L^. It is invariant under the hyperbolic rotation about the x-axis in L^. 
Applying the hyperbolic rotation about the y-axis in 

(x, y, z) I— )• ((cosh 9)x + (sinh 9) z, y, (sinh^) x + (cosh 6) z) , G R 

to our hyperbolic cylinder, we obtain the spacelike Delaunay surface in L^: 

[{cosh9)z — {smh6)x]^ — y^ = 1. 

Let's take the upper part of this Delaunay surface: 



z = g {x,y) := ^ + ^x. 



cosh 6 cosh 9 

t;i3 



Its corresponding twin surface in Nil is given by the entire minimal graph 

1 sinh ( 



z = f{x,y) := -xy — arcsinh y + yy/lT]? 



It is clear that it is invariant under the translations along the x-axis in Nil^: 

(x, y, z) ^ (^x + a,y,z + ^ay^ , a G M. 

The translation invariant graphs z = f^{x,y), G M are called saddle type 
surfaces [5, 28]. The graph z = f^{x, y) admits the conformal chart 

X^{u,v) = ^(cosh0) u + (sinh 0) cosh V, sinht;, — ^ — usvahv — ^ — 

with the conformal metric ds^ = cosh^ 9 cosh^ v [du^ + dv"^) . 
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2. Twin correspondence II 
2.1. Introduction. We introduce the notion of area angle. 
Definition 2.1. Given a function (j) = {(pi, • • • , : Q — )• M", ^^ > 2, we write 



When the estimation 1 > || J^H holds on $7, we say that = is area- 

decreasing. When (f) is area-decreasing, we call 9,^ = cos~^ (I|v7||) G (O, ^] the 
area angle function of (p and say that the graph of </> admits positive area angle 
function. 

We extend Calabi's correspondence to higher codimension as follows. 

Theorem 2.2 (Twin correspondence II [43]). We have the twin correspondence 
(up to vertical translations) between two dimensional minimal graphs having (not 
necessarily constant) positive area angle functions in Euclidean space endowed 
with the metric dxi^ -!-••• + and two dimensional maximal graphs having 

the same positive area angle functions in pseudo-Euclidean space equipped with 
the metric dxi^ + dx2^ — dx^"^ — ... — dxn+2'^- 

Theorem 2.3 (Twin correspondence II - alternative version [43]). (a) If the graph 
$ of an area-decreasing map / = (/i , • • • , /n) : — I^" with the area angle function 
G (O, l] becomes a minimal surface in R"+^, then there exists an area-decreasing 
map g = (gi, - ■ ■ , dn) : S7 — with the same area angle function 8 G (O, ^] such 
that its graph * becomes a maximal surface in 

(h) Conversely, if the graph * of an area-decreasing map g = (gi, - ■ ■ ^9n) : $7 — > M" 
with the area angle function Q G (O, |] is a maximal surface in M^"*"^, then we can 
associate an area-decreasing map f = (/i, • • • ,fn) '■ ^ — > IR" 'loith the same area 
angle function @ G (O, |] such that its graph $ is minimal surface in ]R"'+^. 
(c) The twin correspondences ^ ^ in (a) and (b) fulfill the following properties: 
(cl) The twin relations hold: 

k dgt\ ( E dfk F dfk Gdfk Fdgk\ 

' o — ' a a — )' "^G-[i,---,n| 



dx ^ dy J \ uj dy co dx ^ co dx u dy 
and equivalently 

'dfk dfk\ [Edgk Fdgk G dgk F dgA . , 



dx ^ dy J \Qdy Q dx ' Q dx Q dy 
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Here, ds\ = Edx^+2Fdxdy+Gdy'^ denotes the induced metric and oj = EG — F"^. 

Likewise, we write ds^ = Edx^ + 2Fdxdy + Gdy'^ and Q = yEG — F^. 

(c2) They share the area angle @ G (O, ^] . Each Jacobian determinant is preserved: 

djfijj) _ d{gi,gj] 



d{x,y) d{x,y) 
(c3) The angle duality holds 



i,j G {I,--- ,n}. 



sin^e > 0. 



(c4) Two induced metrics are conformally equivalent. In fact, ds"^ = ^ds"^. 
(d) Since two integrability conditions in (cl) are equivalent, we see that the twin 
correspondence is involutive. The twin minimal surface S of the twin surface T,ofa 
minimal surface S is congruent to S up to vertical translations. 

Remark 2.4. Theorem 2.3 extends Calabi's correspondence between minimal 
graphs in M'^ and maximal graphs in L'^. Here we explain the angle duality, 
appeared in (c3) in Theorem 2.3, in the twin correspondence. First, in Calabi's 
correspondence, when z = f{x, y) is a minimal graph in and z = g{x, y) is 
its twin maximal graph in L'^ = , the angle duality reads 

OJOJ = 1, 

induced angle functions of the minimal graph z = f{x,y) and the maximal 
graph z = g{x, y), respectively. Here Nj and Ng denote their induced unit 
normal. Theorem 2.3 says that we have the twin correspondence between 
two dimensional minimal graphs having (not necessarily constant) positive 
area angle function 6 G (O, |] in Euclidean space M"+^ and two dimensional 
maximal graphs having the same positive area angle function G (O, |] in 
pseudo-Euclidean space M^"*"^. In this case, the angle duality reads 

ujuj = sin^0 < 1, 

where uj and iD are defined in (cl) in Theorem 2.3. We notice that the right 
hand side sin^© in the general angle duality is not necessarily the constant 1. 

Remark 2.5. As proved in [43], the twin correspondence in Theorem 2.3 in- 
duces a natural duality for special Lagrangian graphs in and 
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2.2. Minimal surface system and maximal surface system. The research on 
the minimal surface system is initiated in [45, 57]. Let ei = (1,0,-- - ,0), 
e„+2 = (0, 0, • • • ,1) be the standard basis in Euclidean space M"^^ endowed 
with the metric dxi"^ + • • • + The minimal surface system reads [59]: 

Proposition 2.6. The graph y) = xei + ye2 + fi{x,y)es^ h fn{x,y)en+2 

of the height function f = {fi, ■ " , fn) '• ^ ^ 1^" becomes a minimal surface 
in ]R"+^ if and only if the minimal surface system holds: 

ax^ oxoy oy^ 

Every solution of the minimal surface system is real analytic. Here, we set 



dx J \ dx 

P — ^/l _|_ . . . _|_ 9fn dfn 

dx dy dx dy ' 

The patch * induces the metric ds\ = Edx'^ + 2Fdxdy + Gdy"^. 

Definition 2.7. Let uj = \J EG - > denote the area element. We call - 
the angle function of the minimal graph 

Proposition 2.8. Let(afc,/3fc) = A; G {1, • • • ,n}. 

(a) We can re-write the minimal surface system in zero divergence form: 

d (G F \ Q ( E F \ 

— ( — Qfc I + ^ ( — /3fc afc I = 0, A: G {1, • • • , n}. 

ox \LO oj J oy \oj UJ J 

(b) We also have 

ox \uj J oy \uj J Ox J Oy \oj J 

We now consider ei = (1, 0, • • • , 0), • • • , e„_|_2 = (0, 0, • • • ,1) as the standard 
basis in pseudo-Euclidean space M^"*"^ equipped with the metric dxi^ + dx2^ — 
dxs'^ — ... — (ix„+2^. The proofs of the below results are similar to the minimal 
surface system. 

Proposition 2.9. The spacelike graph y) = xei + ye2 + gi{x, y)e3 -| + 

9n{x,y)e.n+2 of the height function g = {gi,--- ,gn) : ^2 — ^ M" becomes a 
maximal surface in MJ^^^ if and only if g satisfies the maximal surface system: 

aft -2f|!|^ + ^^ = 0, ke{l,..,n}, 
ax^ oxoy oy^ 
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or equivalently, 

-K- —Oik - —Pk + ^ —Pk - —ak =0, [ak,Pk) = [ 
ox \uj UJ j oy \Lo ^ j ^ J \ ox oy 




Here, we write 

dgn dg„ 
dx dy ' 

' dg„ \ 
dy ) ■ 

We assume the spacelike condition EG — > 0. The patch $ induces the 
Riemannian metric ds^ = Edx"^ + 2Fdxdy + Gdy^. We set oj = Veg-f^. 
We call i the angle function of the maximal graph $ in M"j+^. Also, we obtain 
two identities 

^(i)^^(l) and iLf|).^f|). 

OX \uj I oy \uj I ox \uj I oy \uj I 

2.3. Proof of twin correspondence II. We notice that Theorem 2.3 is an ex- 
tended version of Theorem 2.2. 

Proof of Theorem 2.3. We deduce (a) and (c). Working backwards gives (b). 
Let {x,y) £ n ^ = xei + ye2 + /i(x,y)e3 + ••• + /„(x,y)e„+2 be 

a minimal surface patch in R"+2. Write ds'^ = Edx"^ + 2Fdxdy + Gdy"^ and 
UJ = \/ EG — F"^ > 0. We further assume the positive area angle condition 

~2 ^, ,._ djfiJj) 



After setting (a^, /3fc) = A; G {1, • • • , n}, we obtain 

n n n 

E=l + Y, ak\ F = Y. ""t^^k, G = l + Y, Jij = - a,Pi. 

k=l k=l k=l 

Then, Lagrange's identity gives 

n n 

uj^ = EG-F' = l + ^ak' + ^l3k'+ Yl 

fe=l k=l l<i<j<n 

and thus 

\\jf= Yl J^f=^^-'^-iE-l)-{G-l)=uJ^ + l-E-G. 

l<i<j<n 
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Since the minimal surface system reads 

d /G F ^\ d /E ^ F \ 

— — Qfc + ^ —Pk "fc =0, k e {!,■ ■ ■ ,n}, 

ox \uj 00 J ay \uj u J 

and since Q is simply connected, Poincare's Lemma guarantees the existence 
of functions 51, • • • , : — M satisfying the following integrability condition 

fdgk dgk\ ( E F G F \ 
\ ox oy J \ CO 00 00 ^ J 

Our aim is to show that ^{x,y) = xei + ye2 + gi{x,y)e^ + • • • + 

y)en+2 becomes a maximal surface patch in RJ^^^. Write ds^ = Edx"^ + 
2Fdxdy + Gdy^. Then, we compute 

n n n / fi Pi \ 

E = l-^alF = -^akA,G = l-^M, (S.'^0 = (^'|7)- 

k=l k=l k=l ^ ^ ^ 

The first part of (cl) is now finished because the above condition reads 

ak,Pk) = ( Pk + — Ofc, — Ofc Pk ] ■ 

/ \ oj 00 00 ^ J 

Claim A. We show the spacelike condition EG — F^ > 0. 

Step Al. We compute Jacobian determinants. The above twin relation reads 

(i) ■ (4 f) fe) - (:) ■ ii I) (i) 



Equating the determinant of the both sides in 



E 



yields the equality ai/3j — aj(3i = aif3j — OjPi, which gives the assertion (c2): 



Pi Pi 
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Step A2. Using the twin relation and the definition uP' = EG — F"^, we obtain 

n 



fc=i 

n 

E 

k=l 
1 



E 



F 



CO 



—(3k H ak + — Ofc /3fc 



G 



F 



CO 



IL IL 71 

+ G^) + + E^) Y 1^^'' - + G)F Y 



k=l 



k=l 



k=l 



\ [(F^ + G^) {E-l) + {F^ + E^) (G - 1) - 2{E + G)F^] 
{E + G + 2) {EG - F2) -{E + Gf 



Step A3. We here deduce the identity EG-F"^ = ^ — ' . Then, the desired 
estimation EG — F^ > immediately follows from our assumption 1 > ||i7||- 
We recall that the Jacobian determinant equality Jij = ai(3j — aj/3i holds. 
Using Lagrange's identity again, we deduce 

/ ^ \ / „ \ / n \2 



EG-F^ 



k=l 



Kk=l 



V fc=l / \ k=l 

k=l \k=l / \k=l 
n 

i-E["'+^]+ E 

k=l ^<i<j<n 

{E + G-Lo^f 

i-\\J\\'- 



Since 1 > cos G = \\J\\, we deduce EG - F"^ > 0. Write 2 := ^JeG - F^ > 0. 
Then, the above equalities give the angle duality in (c3): 



CO 
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Claim B. We verify that y) = xei + ye2 + gi{x, y)e3 H h gn{x, y)en+2 

is a maximal graph in R^+^. 

Step Bl. We check (c4), which implies that the metric ds^ = ^ds"^ is positive 

definite. We need to prove the three identities ^ = = £ and ^ = ^. The 
twin relation and the definition = EG — yield 



fc=l fc=l ^ ^ 



^2 " ^2 " " 

— V /3fc2 + — V afc2 - 2— V afc/3fc 
o;^ ^ — ^ tjj^ ■'^ — ^ — ' 

fc=i fc=i fc=i 

F2(G - 1) + F^{E - 1) - 2FF2 



a;2 



We then use the angle duality lD = = '^"'"^"'^^ to deduce 

A:=l 

The remaining two identities in (c4) is proved similarly. Thus, (c4) is proved. 
Step B2. We show that the height function g satisfies the maximal surface 
system. We use the three identities in Step Bl to rewrite the twin relation as 

/dfk\ /^,,\ /E F\ / o\ /E F\ / o\ ( F 



dx 



which is the second part of (cl). It therefore follows that, for all A; G {1, • • • , n}, 

A f - +—( -dk - = — (-^] + A (^) = 

dx \u) OJ j dy \uj a) / dx \ dy J dy \ dx J ' 

which is the maximal surface system. This completes the proof of (a). □ 

Remark 2.10. The key point of the proof of Theorem 2.3 is to show that the 
system of integrability conditions 

dgk dgk\ ( Edfk , Fdfk GOfk F dg^ , . , 

k£{l,--- ,n} 



dx ^ dy J \ UJ dy oj dx^ oj dx u dy 
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is equivalent to the system of integrability conditions 

dfk dfk\_fEdgk F dgu G dg^ F dgA . , 



dx ^ dy J \Qdy Q dx ^ Q dx Q dy 

The proof of this fact is not immediate. In Theorem 2.3, we called these two 
equivalent integrability conditions twin relations. It is the reason why the proof 
of the higher codimension extension of Calabi's duality is not simple. The 
trick is to show that the induced metrics of twin surfaces are conformally 
equivalent. This is Step Bl in the proof of Theorem 2.3. 

2.4. Reading Weierstrass formulas of twin surfaces. We mentioned that the 
Calabi correspondence via Poincare's Lemma and the Lopez-Lopez-Souam 
correspondence via the Weierstrass data are the same [40]. We extend this re- 
sult for the twin correspondence between two dimensional minimal graphs 
having positive area angles in M""*"^ and two dimensional maximal graphs 
having positive area angles in M""*"^. The main idea is to construct simultane- 
ous conformal coordinates for twin graphs. 

Theorem 2.11 ([43]). Let y) be the minimal graph in of an area-decreasing 
map / = (/i, • ■ ■ ; fn) : — > with the (not necessarily constant) area angle func- 
tion Q G (O, |] and ^{x, y) its twin maximal graph in M^"*"^ of an area-decreasing 
map g = {gi, - ■ ■ , gn) : — )• M"" with the same area angle function Q G (O, f ] . 

(a) There exists a simultaneous conformal coordinate ^ = + for the minimal 
graph *^{x, y) in R"+^ and its twin maximal graph y) in ]R"+^. 

(b) Let : {x,y) i-^ (^1)^2) be the coordinate transformation in (a). The conformal 
harmonic immersion * o induces the holomorphic null curve 

d 

The conformal harmonic immersion ^ o^/~^ induces the holomorphic null curve 



We have the twin relation 4>i = 0i, (/)2 = 4)2, (pk+2 = -#fc+2, k £ {!,■ ■ ■ ,n}. 
Proof. We begin with the two identities in Proposition 2.8: 

^(^).^(^) and ^(^)-^(^ 

OX \uj J oy J ox \u} J oy \uj 
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Here, ds"^ = Edx^ + 2Fdxdy + Gdy"^ denotes the induced metric of the min- 
imal graph y) in Since Q is simply connected, Poincare's Lemma 
guarantees the existence of fimctions N,M : Q satisfying the equalities 

E F F G 

= -, My= -, =-, Ny= -. 

OJ UJ UJ LO 

We then are able to introduce the coordinate transformation 

^ : (x, y) ^ (ei, 6) := {x + M{x, y),y + N{x, y)) 

such that 



Since Jij, = '^g^^'^^'' > 0, we have the existence of the local inverse (^1,^2) ^ 
(x, y). Now, using the Chain Rule, we obtain the conformal metrics: 



Proof of (a) is finished. We prove (b). Consider two conformal immersions 

$ o viz-i = X (6,6) ei + y (6,6) 62 + ELi fk{x (6,6) , y (6, 6))e;^.+2, 

* o ^'-i = X (6,6) ei + y (6,6) 62 + ELi 9k{x (6,6) , y (6, 6))eA,.+2- 

By the definition of the induced holomorphic curves, obviously, we obtain 

4)1 = (pi and (p2 = 4>2- To deduce 4>k+2 = —'i<t>k+2, k £ {!,• • • , n}, we show that 

/ dfk dfk \ ^fdgk_ dgk\ 

V96'56y V56' 56 7' 

We only check the second components. The twin relation in Theorem 2.3 reads 

o\ f E ^ F G F \ 
Ofc, Pfc = Pk + — Ofc, —OLk Pk , 

where {ak,h, "fc, Pk) = ^) • We now prepare the equality 
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We then use this together with the Chain Rule to deduce 

dgk 



dx dgk 
d^i dx 
dx 



+ 



dy dgk 
dii dy 



—Pk H Ofc 

UJ 00 



+ 



dy 



G 



-Oik 



dx F dy G 
d^i UJ dS,i 00 



ak 



00 

dy F 



-Pk 



dx E 
3^1 00 d^i 00 



-ak 



1 

J\jj 
1 F 

Jqi 00 

dx dfk 
d^2 dx 
_dfk 

96' 



1 + - - + 

00 00 







1 






-] 

00 


Ofc - -r 


[( 



LO 00 



1 + 



E 



1 

\ 00 

_ dy dfk 
di2 dy 



F\ F' 

00 I 00 



Pk 



□ 



3. Closing comments 
Two twin correspondences we constructed admit natural generalizations: 

Remark 3.1 (Timelike surfaces in Lorentzian Bianchi-Cartan-Vranceanu space). 
We met the twin correspondence between graphs of constant mean curvature 
H in t) and spacelike graphs of constant mean curvature r in L^(k, H). 
Similarly, we can construct the twin correspondence between timelike graphs 
of constant mean curvature H in L^(k;, r) and timelike graphs of constant 
mean curvature r in L^(k, H). It extends the classical self-duality on the mod- 
uli space of timelike graphs with zero mean curvature in Lorentz space L'^. 

Remark 3.2 (Extremal surfaces in pseudo-Euclidean spaces). We have the twin 
correspondence between two dimensional minimal graphs having positive 
area angles in Euclidean space M"+^ and two dimensional maximal graphs 
having the same positive area angles in pseudo-Euclidean space MJ^"*"^ with 
signature (+, -|-, — , • • • , — ). Theorem 2.3 and Theorem 2.11 can be modified 
to the twin correspondence for spacelike (or timelike) graphs of zero mean 
curvature in other pseudo-Euclidean spaces with different signatures. 
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We propose to implement Shiffman's program on other geometric partial 
differential equations: 

Remark 3.3 (Hamiltonian stationary Lagrangian graphs in [66, 67, 71]). A 
smooth Lagrangian surface S in Euclidean space equipped with standard 
symplectic structure is hamiltonian stationary when its Lagrangian angle func- 
tion 9y: is harmonic on S. The potential function / of hamiltonian stationary 
graph {x, y, f^, fy) satisfies the zero divergence equation of bi-harmonic type: 

= — (A,,.A.) + ^(A,,./,) 

Here ds"^ and Arfs2 denote the induced metric of S and the associated Laplace- 
Betrami operator, respectively. Poincare's Lemma yields the existence of the 
potential function g satisfying that 

{9x,9y) = {-'^ds^fy,'^ds^fx) ■ 

It is then natural to ask what is the geometry of the potential function g? 

Remark 3.4 (Hessian zero equation as zero divergence equation). Hartman and 
Nirenberg [32], Massey [47], and Stoker [70] independently showed that any 
complete flat surface in Euclidean space M'^ is a right cylinder over a complete 
planar curve [31]. The height function / of the flat graph z = f{x,y) in 
satisfies zero Gaussian curvature equation 

„ _ fxxfyy ~ fxy 



{l + fx' + fy'f' 

Lam [7, 38] used a remarkable formula for the scalar curvature of n dimen- 
sional graphs in Euclidean space M""*"^ as the divergence of an n dimensional 
vector field to present a simple proof of Riemarmian positive mass inequality 
for graphs over the base space M". His beautiful formula says that two dimen- 
sional Hessian zero equation can be written as the zero divergence equation 

d I fyyfx fxyfy 1 _|_ ^ / fxxfy fxyfx 



dx \2{l + f J" + fy") ) ' dy\2{l + f^' + fy 

Here, we assume that / is class of . Then, applying Poincare's Lemma to 
Hessian zero equation yields the existence of the potential function g such that 

/ \ / fxxfy fxyfx fyyfx fxyfy 

^^^'^'^ " V"2(l + /,.2 + //)'2(l + /.2 + /,2) 
What is the geometry of the potential function g1 
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